Given an effective Klein pair (G, H) of order m, the action of G on G/H defines transitive Lie equations S k (G/H) for 0 ≤ k. The nonlinear Spencer sequence determined by S k (G/H) stabilizes when m ≤ k. We study this stable sequence in detail.
Introduction
Let M be a differentiable manifold. Using the notation and terminology of [5] , let G k (M ) be the k-th order universal transitive Lie equation in finite form on M. For k ≥ 0, we have the first nonlinear Spencer sequence (N SS)
which is locally exact. Note that the order of jets decreases by one in (1) . One can stabilize the order of jets and introduce the second N SS
where the spaces C 1 (T ), C 2 (T ) are obtained by taking some "quotients" and (2) has better "formal properties" than (1) . (1) and (2) are constructed first in [3] and are studied in detail in the books [6] , [7] . Now projecting jets in (2), we obtain the commutative diagram
where the top row of (3) stands for some "ideal sequence" which "corresponds" to the universal homogeneous geometry G ∞ (M ). We will denote the array (3) by N SS(2) and its (k + 1)'th row from the bottom by N SS(2, k), 0 ≤ k. Similarly, we construct the array using (1) which we will denote by N SS (1) and its row containing the space Π k+2 (M, M ) by N SS (1, k) . Now let S ∞ (M ) ⊂ G ∞ (M ) be a homogeneous geometry on M as defined in [5] . All the spaces and operators in N SS (1) and N SS(2) restrict to S ∞ (M ). We will denote these restricted arrays also by N SS (1) and N SS(2). In this paper, we will be interested in the case when S ∞ (M ) is a Klein geometry S (m) (M ) defined by some effective Klein pair (G, H) of order m. This means the following: If g ∈ G and g(p) = q, p, q ∈ G/H, then g is uniquely determined by the m-jet
the m-arrow of g from p to q. In this case, N SS(1, k) and N SS(2, k) both stabilize when k is sufficiently large. In fact, it turns out that N SS(1, k) = N SS(2, k) for m ≤ k. We will call this common sequence the stable N SS (SN SS) of the effective Klein pair (G, H). This object does not exist for infinite homogeneous geometries. The purpose of this paper is to construct this sequence in detail. Actually we will do somewhat more: We construct all SN SS ′ s arising from the filtration inside G simultaneously and relate them by a commutative diagram.
The low order N SS ′ s below SN SS in the array are much more relevant from the point of view of jet theory: At the top order, Taylor series converge to functions and everything can be formulated abstractly using functions. The reason for our choice is as follows.
1) When we try construct low order N SS ′ s, we do not have the group G at hand because g ∈ G is not determined by its s-arrows if s m. So we have no choice but to work with the s-arrows of G. This is the case also for infinite homogeneous geometries. This fact makes the construction more involved and technical. The situation is like one stumbling in a world (= G/H) ruled by some mysterious power (= G) whose only shadow is the s-arrows one has. Unfortunately, there is also not much motivation in the fundamental book [3] which justifies the considerable amount of work for constructing N SS in full generality. We believe that this is one of the reasons why N SS is not widely known among geometers, in spite of the books [6] , [7] , whereas it is very much geometric, surely more geometric than connections on principle bundles. When s = m, the mystery resolves and we can now construct everything using directly G and things greatly simplify. However, we are now looking at the situation from infinite hight which gives us a solid intuition of what has been happening in low orders.
2) SN SS offers new insights into the concepts of connection and curvature. For instance, it is a remarkable fact that the action of G dissappears completely at the top order and we rediscover the well known Lie algebra valued connection 1-form, but with a remarkable difference: g-valued 1-form ω is not defined on the total space G of the principal bundle G → G/H and g is not the Lie algebra of the structure group H, as we would expect, but ω is defined on the base manifold G/H and g is the Lie algebra of G which once acted on G/H!! This fact indicates that the curvature operators in low orders, which strictly depend on the action, are quite relevant objects.
The linearizations of the N SS ′ s in the array gives rise to a spectral sequence which coincides with one of those defined in [5] . It is a remarkable fact that these linear Spencer sequences can be formulated purely algebraically (see [4] ). It seems a worthwhile problem to study this spectral sequence in the concrete examples of effective Klein pairs constructed in [1] using semisimple Lie groups.
SN SS is observed first in [7] (see Proposition 15, pg. 199 and Theorem 31, pg.224) with the name gauge sequence. Our approach here is based on the framework proposed in [5] which, we hope, will bring some conceptual simplicity to some arguments in [6] , [7] .
Klein geometries
In this section, we will recall some facts from [1] , [5] in somewhat more detail to the extent they will be needed in the next section.
Let G be a connected Lie group and H ⊂ G a Lie subgroup. We will denote G, H by G −1 , G 0 and their Lie algebras by g −1 , g 0 . Now G −1 acts on the coset space G −1 /G 0 by xG 0 → gxG 0 . Recall that G −1 and G −1 /G 0 are analytic manifolds and this action is analytic. Since we will consider various coset spaces in this paper, we will denote the coset of G 0 in G −1 /G 0 by {G −1 /G 0 } to distinguish it from other cosets. Now G 0 fixes {G −1 /G 0 } and therefore acts on the tangent space
is a closed and normal subgroup and some g ∈ G 0 acts as identity
. The condition g ∈ G 1 actually means that the first order term in the Taylor expansion of the diffeomorphism g ∈ G 0 at the point {G −1 /G 0 } is identity and therefore g ∈ G 1 is invisible on the tangent space. To detect g ∈ G 1 , we must let G 1 act on some "second order vector space" which is more sensitive than the tangent space. If the second order term in the Taylor expansion also vanishes, then g ∈ G 1 will be still invisible and we will have g ∈ G 2 with G 2 to be defined below. Iterating this process and keeping in mind that any g ∈ G −1 is uniquely determined by assigning finitely many local parameters, it is natural to expect that all g ∈ G 0 will be eventually visible and will be determined by their Taylor expansions of sufficiently high order which will be the same for all g. However, to achieve our goal, we must assume that G −1 acts effectively on G −1 /G 0 because we can not expect to determine g by looking at its action if it does not act at all.
To carry out the above plan and following [8] (see pg. 161), we now inductively define G k+1 .
Thus we obtain the descending sequence of closed subgroups
where
Then G ∞ is the largest normal subgroup of G 0 which is contained in G −1 . Thus G ∞ = {1} iff G −1 acts effectively, as we will always assume in this paper. Now let g k be the Lie algebra G k . Thus we also have the descending sequence of Lie algebras
and (1), (2) are touched in the first paragraph above and also in [1] , [5] to some extent, but we will need a more detailed description here.
We will start with (2). Let X(G −1 /G 0 ) be the Lie algebra of vector fields on G −1 /G 0 . We have the Lie algebra homomorphism θ 0 : g −1 → X(G −1 /G 0 ) which maps an element of g −1 to its infinitesimal generator. Since G −1 acts transitively on G −1 /G 0 , θ 0 is surjective and since it also acts effectively, θ 0 is also injective.
More generally, we have the following proposition stated in [1] .
where the first isomorphism is canonical.
In particular, Proposition 1 gives
. We will need a generalization of Proposition 1. We fix some k, 0 ≤ k ≤ m, and consider the action of G −1 on G −1 /G k . Replacing G 0 with G k and repeating the above construction, we obtain a descending filtration contained inside G k . This filtration coincides with the tail of the filtration in (1) starting with G k by the definition of the groups G j . It follows that G −1 acts effectively also on G −1 /G k and (G −1 , G k ) has order m − k. Thus we obtain the filtrations
It is not essential to restrict our attention to the point {G −1 , G k } as above. 
We warn the reader with the notation used in (7):
We define the Lie algebra homomorphism θ k : g −1 → X(G −1 /G k ) as above and Proposition 1 implies
For k = 0 and p = {G −1 , G 0 }, (8) reduces to Proposition 1. The following point deserves mention here. Let H ⊂ G be Lie groups. It is well known that T p (G/H) ≃ g/h, p ∈ G/H, but this isomorphism is not canonical and is determined modulo the adjoint action of H. It is standard to exhibit the tangent bundle of G/H as an associated bundle of the H-principle bundle G → G/H using the adjoint action of H. On the other hand, we also have the isomorphism
H is the stabilizer of p and this isomorphism is canonical. For s = 0, this is the canonical isomorphism between the first and last spaces in (8) .
Setting s = n − k in (8) gives
We now define the vector bundle g s,k . 
There is a differential bracket defined on sections of g s,k → G −1 /G k which turns g s,k into an algebroid. This bracket is easy to define when s = m − k but is more involved when 0 ≤ s m − k. We will use this bracket implicitly in the next section for s = m − k.
We now digress from (2) for a moment and turn to (1) . We fix some k ≥ 0 and consider the action
q denote the s-jet of the diffeomorphism g k with source at p and target q. We will call j s (g k ) p q the s-arrow of g k from p to q or shortly an s-arrow. Note that choosing two points p, q ∈ G −1 /G k is the same as choosing a 0-arrow on G −1 /G k from p to q. We will denote the set of all s-arrows on
Clearly, any two successive s-arrows can be composed and all s-arrows can be inverted. Thus G s,k is transitive Lie equation on G −1 /G k in finite form (see [3] , [6] , [7] and the references therein), which is a very special groupoid. Actually, the groupoid G s,k integrates the algebroid g s,k .
We have the commutative diagram
(11) defines obvious projection of a t-arrow on G −1 /G k+s to a t-arrow on G −1 /G k and we have π t,k+s,k : G t,k+s → G t,k which is a homomorphism of groupoids.
We now have the following crucial Proposition 2 Let p, q ∈ G −1 /G k and suppose that g, h ∈ G −1 induce the
In particular, it follows that any g ∈ G −1 is uniquely determined by any of its m-arrows on G −1 /G 0 . This statement is the analog of Proposition 1 on the group level. Note that j m (g k ) p q uniquely determines also j n (g k ) p q for n ≥ m, and the case k = m of Proposition 2 reduces to a trivial stament on G −1 . Also, choosing p ∈ G −1 /G k and setting q = p, Proposition 2 gives an isomorphism of Lie groups
In (11), we choose some p,
q for some uniquely determined g ∈ G −1 . Now g maps the fiber (id × π k+s,k ) −1 (p) onto the fiber (π k+s,k ) −1 (q) and we denoted this diffeomorphism by g s above. For any p ∈
where g s (p) = q and by Proposition 2, g is determined also by
To summarize, an (m − k)-arrow f p q on G −1 /G k is the same thing as a set of (m − k − s)-arrows on G −1 /G k+s with initial points in the fiber over p in such a way that arrows with differentSince we do everything in this paper relative to the action of G −1 on G −1 /G k , it is natural to require that bγ s : G −1 /G k → G −1 /G k should be a diffeomorphism induced by the action of some g ∈ G −1 . We will call such sections invertible. The assumption of the invertibility of sections is fundamental for the local exactness of the lower order N SS ′ s as amplified in the books [6] , [7] , but as a remarkable fact, it becomes irrelevant when s = m − k as we will see.
Since any (m − k)-arrow on G −1 /G k uniquely determines some g ∈ G −1 according to Proposition 2, we see that any section of G m−k,k determines a function G −1 /G k → G −1 and conversely. Thus we see that sections according to Definition 3 can be identified with C(G −1 /G k , G −1 ) = the set of functions from G −1 /G k into G −1 when s = m − k. Now let g ∈ G −1 . We define i k : G −1 → C(G −1 /G k , G −1 ) by i k (g)(p) . = g which is identified with j m−k (g k ) p g(p) . Using the above identification, we will call i k (g) a section. Note that bi k (g) is the diffeomorphism g k induced by the action of g and all the (m − k)-arrows above bi k (g) = g k are obtained by differentiating bi k (g) by the definition of i k .
Thus we obtain
